Abstract. We present a sensitivity analysis and performance evaluation of a six-degree-of-freedom measurement system that uses a diffraction grating as a cooperative target. To design the measurement system, we require a theoretical analysis of performance, such as sensitivity of each sensing direction. The intensity distributions of the diffracted beams are calculated with the scalar diffraction theory and sensitivity of the measurement system is analyzed against the variations of design parameter values. Using the results of sensitivity analysis, we design the measurement system and evaluate its performance with resolution, measurement error, and crosstalk. The resolution is less than 0.2 m in translation and 0.5 arcsec in rotation. In experiments, measurement error and crosstalk between sensing channels are within Ϯ0.5 m in translation and Ϯ2 arcsec in rotation.
Introduction
A six-degree-of-freedom ͑DOF͒ measurement system is required in various areas such as control of precision machines, precision assembly, and vibration analysis to obtain the information of three-translational and three-rotational motions. There are two ways to measure six-DOF motion of a rigid body. One is using multiple interferometers for each axis 1 and the other is detecting the movement of beams reflected from cooperative targets. [2] [3] [4] Although the first method can obtain high resolution and decoupled information for each axis, it increases the size and complexity of a system and requires a high-quality reference mirror. Hence it is usually applied to control and calibration of precision stages. For the second method, it is difficult to fabricate a miniaturized reflective target 2 precisely and to measure the motion of a small object because it needs sufficient space for multiple reflective targets 3 or optical devices. 4 A new six-DOF measurement system using a diffraction grating target was proposed to overcome these problems. 5 Since this system uses several diffracted beams generated from a diffraction grating, it requires only one laser source and one cooperative target, which can simplify the structure of the measurement system. In addition, a diffraction grating can be produced through a microfabrication process or replication, and therefore this system can measure the displacement of a miniaturized object without any complicated devices.
To design a six-DOF measurement system, theoretical analysis of performance is required. Among several performance indices, sensitivity is an important factor that determines the resolution of a measurement system. In addition to increasing the sensitivity of each sensing direction, it is also important to equalize the sensitivity of each measurement direction in designing a multi-DOF measurement system. Therefore it is essential to develop a method that relates the variations of design parameter values and sensitivity of each sensing direction. Based on the results of those analyses, the values of design parameters can be found that optimize the performance of a measurement system.
There were several previous works to enhance the performance of measurement systems through sensitivity analysis. Some works proposed analytic methods to improve the performance of detecting systems for atomic force microscopy ͑AFM͒. This system, based on the intensity distribution of beams, used the values of design parameters calculated from the optimization of detection sensitivity. 6, 7 Other research presented a new method to increase the resolution of optical beam deflection method ͑OBDM͒ with a passive interferometer and Ronchi grating. 8 However, these are only single-DOF measurement systems and new analytic methods are required for a six-DOF measurement system. This paper analyzes the intensity distributions of diffracted beams with the scalar diffraction theory and compares the theoretical results with the experimental ones. Sensitivity analysis using these intensity distributions is discussed. We construct a six-DOF measurement system using design parameter values determined from the sensitivity analysis and evaluate its performance.
Six-DOF Measurement System
The six-DOF measurement system consists of a laser source, a diffraction grating target, three convex lenses, and three 2-D detectors, that sense the movement of three diffracted beams, ϩ1, 0, Ϫ1 order diffracted beams ͑Fig. 1͒. A monochromatic incident beam is diffracted into discrete directions from a diffraction grating and their directions are calculated using the grating equation. When a miniaturized diffraction grating, which acts as a small reflective target, moves inside a spherically diverging incident beam that has a larger diameter than this grating, this movement changes the generating position and propagating directions of diffracted beams. The translation varies the position where the incident beam is reflected ͓Fig. 2͑a͔͒, and the rotation changes the directions of diffracted beams ͓Fig. 2͑b͔͒. This results in the variation of detecting positions of diffracted beams and the information on six-DOF displacement can be obtained from the coordinates of diffracted beams.
The six-DOF displacement of an object is calculated kinematically from the coordinates of the diffracted beams on the detectors. The calculation process consists of two steps: a forward and an inverse problem-solving step. In the forward step, the coordinates of the diffracted beams on the detectors are estimated. In the inverse step, an actual six-DOF displacement is determined from the coordinates of the diffracted beams. The solutions of the forward problem, which are the coordinates on the detectors, are calculated with the grating equation and ray optics assumption. Since they are obtained as six nonlinear equations, the inverse problem is solved through a numerical iterative method, Newton's method. The detailed mathematical equations were explained in the reference paper. 5 In this measurement system, a quadrant photodiode ͑Q-PD͒ detects the 2-D movement of the diffracted beam. Two axial outputs of the Q-PD are the difference signals calculated from the voltage outputs proportional to the intensity of an incident beam on each photodiode cell, and so affected by the intensity distribution and power of the incident beam. Therefore, to analyze the sensitivity of the six-DOF measurement system, we need not only kinematic analysis that derives the relationship between the coordinates of the diffracted beams and input displacement, but also optical analysis that calculates the intensity distributions of the diffracted beams.
Intensity Distribution
Vector diffraction theory is required for the efficiency analysis of a diffraction grating that has a pitch of the order of the wavelength of an incident beam. However, in the proposed system, a more simplified method, scalar diffraction theory, can be applied since the polarization direction of the incident beam is fixed and the analysis of diffraction patterns generated from a cooperative target is the main focus. 9 Coordinate systems for analysis of the m-order diffracted beam are defined as the grating coordinate system ͕G m ͖, the lens coordinate system ͕L m ͖, and the detector coordinate system ͕D m ͖, where m is the order of the diffracted beam. The origin of ͕G m ͖ is located at the center of the diffraction grating target, the y axis is parallel with the grating pitch and the z axis is set as the optical axis, the propagating direction of the diffracted beam. The origin of ͕L m ͖ is apart from that of ͕G m ͖ by Z ml on the z axis, which also coincides with the optical axis. Note ͕D m ͖ is parallel to ͕L m ͖ and separated from ͕L m ͖ by Z md on the z axis. Here, m denotes the angle between the incident beam and each diffracted beam ͑Fig. 3͒.
Based on the definition of coordinate systems, the intensity distribution of the zero-order diffracted beam is analyzed. When there is a Gaussian beam incident on the diffraction grating and the waist of the beam is apart from ͕G 0 ͖ by Z s , it is possible to assume a spherical wave is generated from a point source if the diffraction grating is separated sufficiently from the beam waist. 10 From this assumption, the electric field on the diffraction grating U i can be expressed as
where x g and y g are coordinates on the diffraction grating; r sg is the magnitude of r sg , which is a vector from the point source to the diffraction grating; U 0 is a constant proportional to the power of the incident beam; and w b is the radius of the incident beam. The sinusoidal diffraction grating modifies the electric field U i as
where k⌬ 0 is a phase change of electric field; a and f g are groove amplitude and pitch of the diffraction grating; sg is the angle between r sg and n g , which is a unit normal vector to the grating surface; 0l denotes the angle between n g and r 0l , which is a vector from the grating to the convex lens. Hence, using Eq. ͑2͒ and the Huygens-Fresnel principle, the electric field on the convex lens U 0l is formulated as
where R is the radius of the diffraction grating target; x 0l and y 0l are coordinates on the lens surface, and r 0l is the magnitude of r 0l . From the paraxial theorm, we assumed the lens surface as the x-y plane of the lens coordinate system with negligible thickness and Eq. ͑3͒ can be simplified using the Fresnel approximation and Eq. ͑4͒. In the approximation, we consider that the amplitude of groove is similar to the pitch of grating and the diffracted beams do not interfere with each other since they are separated sufficiently.
where J m (⌬) is the first kind Bessel function and the electric field U 0l is shown as Eq. ͑5͒. We can find that Eq. ͑5͒ is the Fourier transform of the product of the electric field U 0g and the quadratic-phase exponential term.
Now, it is possible to calculate the electric field on the detector. Using Eq. ͑5͒ and the Huygens-Fresnel principle, the electric field on the detector surface U 0d is expressed as
ϫcos 0d dx 0l dy 0l , ͑6͒
where f 0 is the focal length of the convex lens; r 0d is the magnitude of r 0d , which is a vector from the lens to the detector; 0d is the angle between r 0d and n 0l , which is a unit normal vector to the lens surface; and x 0d and y 0d denote the coordinates on the zero-order detector. If the Fresnel approximation is applied, the electric field on the detector U 0d can be simplified as Eq. ͑7͒ and the intensity distribution is calculated by squaring the absolute value of U 0d . 
The intensity distribution of the Ϯ1-order diffracted beam can be found in a similar way. However, the shape of the grating target should be considered as an ellipse with the x axis as the minor axis, since the propagating direction of the Ϯ1-order diffracted beam is inclined from the unit normal vector of the grating target by i ͑Fig. 3͒.
To validate the analysis of the intensity distribution drawn from scalar diffraction theory, we compared the analytic results with experimental ones. In the experimental setup, a diffraction grating was attached to a six-DOF stage system and the intensity distribution of each diffracted beam was measured with a 2-D CCD camera. A concave lens and a polarization beamsplitter directed the diverging incident beam normally to the grating target. Each diffracted beam propagated through the convex lens and reached the CCD camera ͑Fig. 4͒. Table 1 summarizes the specifications of devices composing the experimental setup. The intensity distribution was measured against the variation of distance between the convex lens and the CCD camera.
When Z 0l , the distance from the diffraction grating to the convex lens, was fixed at 100 mm and Z 0d , the distance from the lens to the CCD camera, was changed, simulation and experimental results for the zero-order diffracted beam were obtained ͑Fig. 5͒. As shown in Fig. 5͑a͒ , if the CCD camera was located near to the focal point, the intensity distribution was similar to the Fraunhoffer diffraction pattern of a circular aperture. However, as the distance Z 0d increased, it showed a Fresnel diffraction pattern for the growth of the quadratic-phase exponential term. Figure 6 shows the intensity distribution of the ϩ1-order diffracted beam while fixing Z 1l at 85 mm and changing Z 1d . Due to its inclined propagation direction, the shape of the intensity distribution was not circular but elliptical. The eccentricity of ellipse increased along the increment of distance Z 1d since diffraction occurs more dominantly in the minor axis of an ellipse.
Sensitivity Analysis
The variations of detector outputs according to the unit input displacement can be found with the kinematic analysis 5 and the intensity distributions of the diffracted beams. Each of these values is defined as sensitivity and composes the Jacobian matrix as where ␦d is an infinitesimal change of the detector output, and ␦p is an infinitesimal input displacement. The elements of ␦p are x, y, and z axis translation and yaw ͑rotation about the z axis͒, pitch ͑rotation about the y axis͒, and roll ͑rotation about the x axis͒, in order. Since the Jacobian matrix shows overall performance of the measurement system, we can derive principal performance indices from the Jacobian matrix. To find the relationship between the variations of parameter values and sensitivity, the experimental setup as shown in Fig. 4 was used with three Q-PDs ͑single element size: 2.5ϫ2.5 mm, gap b/w elements: 30 m͒. The design parameters considered in the sensitivity analysis were distances from the grating to the convex lens (Z 0l ,Z 1l ) and from the convex lens to the detector (Z 0d ,Z 1d ). To analyze the variation of sensitivity, the changes of detector outputs were measured when there were input displacement of 10 m for translation and 0.01 deg for rotation. In the results, sensitivity was expressed as a component of the Jacobian matrix and normalized by the maximum value of sensitivity obtained for six-DOF displacement input.
The sensitivity increased along the increment of Z 1l for reduction of spot size, while fixing the distance from the grating to the ϩ1-order detector as 300 mm and changing Z 1l . However, when the detector was located near to the image plane, the sensitivity for rotational displacement decreased sharply ͑Fig. 7͒.
The variation of sensitivity was less remarkable than in the case of Z 1l , when the distance from the grating to the convex lens was 87 mm and Z 1d changed ͑Fig. 8͒. The growth of Z 1d increased spot size as well as movement of the diffracted beam on the detector, therefore overall sensitivity was not affected so much by the variation of Z 1d .
In the case of the zero-order detector, we measured the variation of normalized sensitivity for two conditions: distance from the grating to the detector was 370 mm and Z 0l changed ͓Fig. 9͑a͔͒, distance from the grating to the lens fixed as 85 mm and Z 0d varied ͓Fig. 9͑b͔͒. The results for the variation of Z 0l could be explained similarly with the case of Z 1l . As Z 0d increased, the detector approached the image plane and the sensitivity for rotation decreased. For the same reason as the case of Z 1d , the variation of translational sensitivity was less remarkable than that of the rotational.
Performance of the Six-DOF Measurement System
Considering dimensional constraints and the optimization of performance indices derived from the sensitivity analysis, we can determine the values of design parameters as follows:
The experimental setup was constructed as in Fig. 4 using three Q-PDs. First, power of the diffracted beams and noise level of the detectors were measured. Outputs of the detectors were recorded for 30 min to calculate the noise level when the diffracted beams were incident on the center of each detector. The power of each diffracted beam was 23.5 W for the 0-order diffracted beam and 44.5 W for the Ϯ1-order one. The noise level was set as the standard deviation of random noise excluding the drift from mechanical vibration, temperature variation, and laser instability, because it could be reduced by the improvement of environment. The noise level of each detector was obtained as follows: ϩ1x ϭ0.0130 V, 0x ϭ0.0052 V, Ϫ1x ϭ0.0127 V, ϩ1y ϭ0.0073 V, 0y ϭ0.0055 V, Ϫ1y ϭ0.0072 V.
The noise level of the 0-order detector showed similarities in the x and y axes while each axis of the Ϯ1 order detector had different noise levels, since the intensity distribution on the 0-order detector was circular, but those on the Ϯ1-order detector was elliptical and showed higher intensity on the y axis, as shown in Figs. 5 and 6 . This resulted in a higher noise level in the x axis for the Ϯ1-order detector. Thus we can conclude that the intensity distribution affects not only the variation of detector output but also the noise level, which relates to the overall performance of the measurement system.
The changes of output voltage in each detector were measured when input displacement was generated using the six-DOF stage system, which was 10 m for translation and 0.01 deg for rotation. From these values, we calculated sensitivity in each sensing direction and constructed the Jacobian matrix as follows: 
where R i denotes the resolution of the i'th sensing direction, S i j is the component of J Ϫ1 with i'th row and j'th column, and j is the noise level of j'th detector output. The resolution of each axis was calculated as follows:
Translation on the z axis and rotation about yaw-axis showed lower resolution than other sensing directions. This can be inferred from the low sensitivity of these measurement axes, as shown in the Jacobian matrix.
To evaluate the accuracy and crosstalk of the measurement system, displacement was generated with a constant step in each measurement direction using the six-DOF stage system. The measurement error, which was the difference between the measured and actual displacement, was recorded at each position. In translation, the output values of the measurement system were taken at every 10 m interval between Ϯ100 m. In rotation, 21 output values were measured within the range of Ϯ252 arcsec ͑roll, pitch͒, and Ϯ756 arcsec ͑yaw͒, so that the diffracted beams did not get out of the linear ranges of the Q-PDs. The experiment was performed 10 times with the same procedure. The displacement was generated with a differential micrometer and the actual values were obtained from an external displacement sensor. In case of rotation, simple arithmetic using basic trigonometric relations was required additionally to calculate them.
In Fig. 10 , data points are the averages of measurement errors obtained at each point in the experiment repeated 10 times and thin lines denote the standard deviation. The errors ranged about Ϯ0.5 m for translation and Ϯ2 arcsec for rotation. The calibration of parameter values and detectors reduced the magnitude of systematic errors remarkably, so they did not increase with displacement, but fluctuated around zero.
The magnitude and trend in the standard deviations of measurement error and crosstalk were similar to the resolution calculated from the noise level ͑Table 2͒. Hence we can conclude that the measurement error and crosstalk were caused mostly by random noise of the detector such as shot noise. If a sensing direction, such as z axis translation or yaw-axis rotation, has high uncertainty for its low sensitivity, the measurement error and crosstalk increased since the variation of output was smaller against the same input magnitude and measurement error and crosstalk were larger with the same noise level, conversely.
Conclusions
This paper presents a design methodology using sensitivity analysis and performance evaluation of the six-DOF measurement system. Scalar diffraction theory was applied to calculate the intensity distribution of the diffracted beam and its validity was proved by comparison with the experimental results. The sensitivity of the measurement system was analyzed against the variation of design parameter values and the six-DOF measurement system was designed from the results of sensitivity analysis. The resolution of each sensing direction showed 0.2 m in translation and 0.5 arcsec in rotation. In the experiments, the measurement error and crosstalk were within Ϯ0.5 m in translation and Ϯ2 arcsec in rotation. The proposed method for sensitivity analysis can be applied to the design of measurement systems that adopt the OBDM or a reflective target. In this paper, optimal design of the six-DOF measurement system was outlined briefly and details of this subject will be discussed in our subsequent paper. Since performance of the measurement system was directly related to that of the detectors, the accuracy of detectors should be improved to enhance the performance of the measurement system. 
